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Abstract. Structural equation modeling (SEM) with ordinal indicators rely on an assumption of categorized normality. This assumption may be
tested for pairs of variables using the likelihood ratio G2 or Pearson’s X2 statistics. For increased computational efficiency, SEM programs usually
estimate polychoric correlations in two stages. However, two-stage polychoric estimates are not asymptotically efficient and G2 and X2 need not
be asymptotically chi-square when the estimator is not efficient. Recently, Maydeu-Olivares and Joe (2005) have introduced a new statistic, Mn,
that is asymptotically chi-square even for estimators that are not efficient. We investigate the behavior of G2, X2, and Mn when testing underlying
bivariate normality with polychoric correlations estimated in two stages.
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Structural equation modeling (SEM) has become a main-
stream procedure in the social sciences. In its beginnings,
SEM revolved around modeling continuous dependent vari-
ables. Later, these models were extended to accommodate
ordinal indicators (such as responses to ratings). Thus, for
instance, when fitting a factor model to rating data it was
no longer necessary to assume that the relationship between
the ratings and the latent factors was linear; rather, the ordinal
nature of the ratings could be taken into account (Coffman,
Maydeu-Olivares, & Arnau, 2008). To do so, it is assumed
that each observed ordinal variable is related to a latent
response variable via a threshold response process, and that
latent response variables are linearly related to the common
factors. By assuming that the latent response variables are
normally distributed, the model can be very efficiently esti-
mated using a series of stages. First, the correlations between
the latent response variables are computed. These are polych-
oric correlations. In a subsequent stage, the parameters of the
model (for instance, factor loadings and interfactor correla-
tions) are estimated from the polychoric correlations using
a least squares procedure. Several computer programs for
SEM implement multi-stage procedures for estimating mod-
els involving ordinal indicators (e.g., Lisrel: Jöreskog &
Sörbom, 2001; Mplus: Muthén & Muthén, 2007; Eqs:
Bentler, 2006). In their standard output, these programs pro-
vide a goodness of fit test of the restrictions imposed by the
model on the polychoric correlations. However, these tests
are only meaningful if the assumptions involving the use of
polychoric correlations hold. In other words, the goodness
of fit tests provided by standard software programs are only
valid if the observed ordinal data arise by discretizing a
multivariate normal distribution (Muthén, 1993).

There is now an extensive literature on the use of
sequential procedures to estimate and test the structural
restrictions (i.e., the restrictions imposed by the model on
the polychoric correlations) in structural equation models
when all the indicators are ordinal. Some key references
are Bermann (1993), Christoffersson (1975, 1977),
Christoffersson and Gunsjö (1983), Gunsjö (1994), Jöreskog
(1994), Jöreskog and Moustaki (2001), Küsters (1987), Lee,
Poon, and Bentler (1990, 1992, 1995), Maydeu-Olivares
(2006), Muthén (1978, 1982, 1984, 1993), Muthén and
Christoffersson (1981), Muthén and Satorra (1995), Muthén,
du Toit, and Spisic (1997), and Quiroga (1992). However,
very little research has focused on how to assess the distri-
butional restrictions (i.e., whether the ordinal data arise by
discretizing a multivariate normal distribution). Recently,
Maydeu-Olivares (2006) – building on work by Satorra
and Bentler (1994) – has proposed a procedure that may
be used to assess whether the ordinal data arise by discretiz-
ing a multivariate normal distribution. However, this
procedure has not been implemented in standard SEM soft-
ware. Furthermore, if the test proposed by Maydeu-
Olivares (2006) rejects the model of underlying normality
it is necessary to assess the source of the misfit, that is, to
determine the variables for which the assumption of under-
lying normality is violated. In the case of variables involving
more than two response alternatives, underlying normality
can be assessed for pairs of variables. When the variables
consist only of two response alternatives, the assessment
may be performed using the procedure suggested by Muthén
and Hofacker (1988) for triplets of variables.

The aim of this study is to identify the best statistic for
assessing underlying bivariate normality. The statistic to
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be used depends on how the polychoric correlations are esti-
mated. For increased computational efficiency, in Mplus and
Lisrel, polychoric correlations are estimated in two stages
using a procedure due to Olsson (1979). In the first stage,
the thresholds are estimated for each variable separately
by maximum likelihood. In the second stage, each polychor-
ic correlation is estimated separately for each pair of vari-
ables also by maximum likelihood given the thresholds
estimated in the first stage. This study focuses on how to
assess bivariate normality when polychoric correlations are
estimated using Olsson’s (1979) two-stage procedure, as
implemented in Mplus and Lisrel.

Testing Underlying Bivariate
Normality With Two-Stage Polychoric
Correlation Estimates

Consider two ordinal variables consisting of I and J
response alternatives, respectively. The observed data can
therefore be gathered in an I · J contingency table. When
estimating a polychoric correlation from this table we
assume that the ordinal variables arise from a bivariate stan-
dard normal distribution categorized according to (I – 1)
and (J – 1) thresholds, respectively. The parameters to be
estimated, j, consist of the (I – 1) thresholds from one var-
iable, s1, and the (J – 1) thresholds from the other variable,
s2, plus the estimated polychoric correlation, q. There are
q = (I – 1) + (J – 1) + 1 parameters to be estimated in this
model.

The two most widely used goodness of fit statistics in
categorical data analysis are Pearson’s X2 statistic and the
likelihood ratio statistic G2,

X 2 ¼ N
XI

i¼1

XJ

j¼1

pij � pij ĵð Þ
� �2

pij ĵð Þ ; ð1Þ

G2 ¼ N
XI

i¼1

XJ

j¼1
pij ln

pij

pij ĵð Þ ; ð2Þ

where N denotes sample size, and pij and pij denote the
bivariate proportions and probabilities. The latter depend
on the q-dimensional vector of estimated parameters
(thresholds and polychoric correlation). Also, in
Equation 2 by convention when pij = 0, pij ln

pij
pij ĵð Þ ¼ 0.

To assess underlying bivariate normality, G2 is used in
Lisrel, whereas Mplus does not currently provide tests
(Muthén, 2007).

Olsson (1979) considered one- and two-stage maximum
likelihood approaches to estimate the thresholds and polych-
oric correlation from the observed bivariate contingency
table. In the one-stage approach, all parameters are estimated
simultaneously. In the two-stage approach, the thresholds
are estimated separately from each univariate marginal, then
the polychoric correlation is estimated from the bivariate
table using the thresholds estimated in the first stage. The
one- and two-stage polychoric estimates are most often quite

close. Since two-stage polychoric estimates are faster to
compute, polychoric correlations are estimated using this
two-stage procedure in Lisrel and Mplus. When polychoric
correlations are estimated in one stage the estimates are con-
sistent, asymptotically normal and asymptotically efficient
(they have minimum variance asymptotically). When they
are estimated in two stages, the estimates are still consistent
and asymptotically normal (Jöreskog, 1994; Muthén &
Satorra, 1995; Olsson, 1979) but they are no longer asymp-
totically efficient. Thus, the two-stage estimates trade
increasing computational efficiency for some (hopefully
small) loss of statistical efficiency.

Now, from standard theory (e.g., Agresti, 2002), when
the parameters are simultaneously estimated by maximum
likelihood – as in Olsson’s one-stage procedure – both X2

and G2 are asymptotically distributed as a chi-square with
r = IJ – q – 1 = IJ – I – J degrees of freedom (df). How-
ever, when the estimator is not asymptotically efficient, X2

and G2 still have the same asymptotic distribution, which
is generally a mixture of independent chi-squares with one
degree of freedom. This means that when polychoric corre-
lations are estimated in two stages, a chi-square need not be
the appropriate reference distribution for these statistics.

Maydeu-Olivares and Joe (2005, 2006) have recently
introduced a test statistic, Mn, which is asymptotically chi-
square for any consistent and asymptotically normal estima-
tor with df equal to the number of probabilities minus the
number of estimated parameters minus one. Thus, Mn is in
principle more suitable than X2 and G2 for assessing under-
lying bivariate normality when the polychoric correlations
have been estimated using Olsson’s two-stage estimator.
Let p be the IJ vector of probabilities, p be its associated
vector of sample proportions, D be a diagonal matrix with
p along its diagonal, and D be the IJ · q matrix of deriva-
tives D ¼ op jð Þ

oj0 . Mn can be written as

Mn ¼ N p� p ĵð Þð Þ0 D̂�1 � D̂�1D̂ D̂0D̂�1D̂
� ��1

D̂0D̂�1
� �

� p� p ĵð Þð Þ: ð3Þ

This statistic is closely related to Pearson’s X2. In matrix
form, X2 can be written as

X 2 ¼ N p� p ĵð Þð Þ0D̂�1 p� p ĵð Þð Þ: ð4Þ

Thus, Mn applies a correction to X2 to take into account
that the estimator need not be statistically efficient. In the
special case of maximum likelihood estimation, Mn equals
X2 algebraically (Maydeu-Olivares & Joe, 2005). But for
estimators that are not efficient – such as Olsson’s two-stage
estimator – Mn is stochastically smaller than X2 and there-
fore the use of X2 instead of the correct statistic Mn may
yield an impression of poor fit. The difference between
Mn and X2, however, will depend on the efficiency of the
estimator. The more efficient the estimator, the closer Mn

and X2 will be. In the next sections we investigate whether
Mn actually yields better results than X

2 and G2 for assessing
underlying bivariate normality when polychoric correlations
have been estimated in two stages.
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A Numerical Example

Agresti (1992) asked 61 respondents to compare the taste of
Coke, Classic Coke, and Pepsi using a five-point preference
scale in a paired comparison design {Coke vs. Classic Coke,
Coke vs. Pepsi, Classic Coke vs. Pepsi}. The categories
were {‘‘Strong preference for i’’, ‘‘Mild preference for i’’,
‘‘Indifference’’, ‘‘Mild preference for i0’’, and ‘‘Strong pref-
erence for i0’’}. For each pair of variables, we shall test the
assumption that the observed 5 · 5 table arises by categoriz-
ing a standard bivariate normal density. That is, we are inter-
ested in testing a substantive hypothesis of normally
distributed continuous preferences for the soft drinks in
the population.

In Table 1 we provide the thresholds and polychoric cor-
relation for each pair of variables estimated in two stages
and the asymptotic standard errors of these parameters.
The latter were computed as in Jöreskog (1994).

In Table 1 we also provide goodness of fit results for the
two-stage estimates using G2, X2, and Mn. Inspecting the
goodness of fit tests, we first notice that for all three bivariate
tables all test statistics suggest that the assumption of catego-
rized bivariate normality is reasonable. We also notice that
the estimated G2 statistics are larger than the Mn and X2 sta-
tistics. This is because we purposely chose a numerical
example with a very small sample size to highlight the dif-
ferences between the statistics. The estimated G2 statistics
are larger because there are some empty cells in the
observed bivariate table which are not included in the com-
putation of G2. On the other hand, all cells are used in the
computation of both Mn and X2.

The most surprising fact in Table 1 is that the values for
the asymptotically correct Mn and the asymptotically incor-
rect X2 are rather close. This is because the values ofMn and
X2 will be very close if the estimator used is very close to
being efficient. With these data, this is precisely the case.
The two-stage estimator is so highly efficient that it is irrel-
evant for practical purposes whether Mn or X2 is used. To
see this, in Table 2 we provide the results obtained when
the model is estimated using one-stage maximum likelihood.
Note that in this case, the thresholds estimated from different
bivariate tables need not be the same across tables. We see in
Table 2 that the parameter estimates and their standard errors
for these tables are indeed very similar to those obtained

using the two-stage approach. Because the one and two-
stage estimates shown in Tables 1 and 2 are so close, the
G2 and X2 values obtained using the one- and two-stage
estimates are also very close.

To gain further insight into the efficiency of the two-
stage estimator relative to the one-stage estimator, we com-
puted the population asymptotic covariance matrix of the
one-stage and two-stage estimators at population values sim-
ilar to those encountered in the example using the formulae
from Jöreskog (1994). The population parameter values
used were s1 = (�1, �0.5, 0.5, 1)0, s2 = (�1, �0.5, 0.5, 1)0,
and q = 0.3. At these values, the determinant of the
asymptotic covariancematrixof the two-stage estimates is only
2.5% larger than the determinant of the asymptotic covariance
matrix of the one-stage estimates. Also, the population asymp-
totic variances of the two-stage parameter estimates are less
than 1% larger than for the one-stage parameter estimates.
Yet, in our implementation, the two-stage estimates are on
average 17 times faster to compute than the one-stage esti-
mates.Thus, the two-stage estimator is considerably faster than
the one-stage estimator with a very small loss of asymptotic
efficiency.

A Small Simulation Study

To further investigate the small sample performance of G2,
X2, and Mn we performed a simulation study using the
above population values: s1 = (�1, �0.5, 0.5, 1)0,
s2 = (�1, �0.5, 0.5, 1)0, and q = 0.3. We considered six
conditions obtained by crossing three levels of sample size
(N = 50, 100, and 1,000) and two model conditions. In
the first condition, data were generated using a bivariate nor-
mal distribution. In the second condition, data were gener-
ated using a bivariate t distribution with 5 df. The first
model condition enables us to investigate the behavior of
the statistics when the model is correctly specified. In this
condition, empirical rejection rates should be as close as
possible to the nominal rates. The second model condition
enables us to investigate empirically the power of the statis-
tics when the model is mispecified. In this case, rejection
rates should be as large as possible. Notice, however, that
it is only meaningful to compare the rejection rates of two

Table 1. Two-stage parameter estimates, estimated standard errors, and goodness of fit tests for Agresti’s soft drink data

1 2 3 4

Thresholds
Var. 1 �0.796 (0.180) 0.062 (0.161) 0.539 (0.169) 1.510 (0.248)
Var. 2 �0.914 (0.187) �0.062 (0.161) 0.446 (0.166) 1.202 (0.211)
Var. 3 �1.202 (0.211) �0.492 (0.168) 0.103 (0.161) 0.853 (0.184)

Vars. Corr. G2 p value X2 p value Mn p value

Correlations and test statistics
(2,1) 0.103 (0.140) 21.286 0.128 16.478 0.351 16.478 0.351
(3,1) �0.347 (0.129) 18.484 0.238 14.358 0.499 14.352 0.499
(3,2) 0.005 (0.141) 18.569 0.234 15.898 0.389 15.898 0.389

Note. N = 61; standard errors in parentheses; 15 df.
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statistics under model misspecification when the empirical
rejection rates for correct model misspecification are similar
across the two statistics. Also, here we considered a very
small model misspecification. The t distribution with 5 df
used in the model misspecification condition is very similar
to the standard normal distribution assumed by the statistics.
Like the normal distribution, the t(5) distribution is symmet-
ric, but its kurtosis is larger: 3 for a standard normal distri-
bution and 9 for a t(5) distribution. One thousand
replications were used for each of the six conditions. The
results of the simulation are shown in Table 3. The mean
and variance of each statistic are displayed in this table,
along with empirical rejection rates at selected rates: 1%,
5%, 10% and 20%.

We see in this table that when underlying bivariate nor-
mality holds, G2 tends to reject too often the null hypotheses
when N = 50 and also when N = 100. On the other hand,
the behavior of X2 and Mn is acceptable even when
N = 50 in these 5 · 5 contingency tables. We also see in
this table that the empirical distributions of X2 and Mn are
very similar for all sample sizes, with Mn taking slightly
smaller values, as stated by the asymptotic theory. Thus,

the small sample behavior of Mn relative to X2 matches
the asymptotic efficiency results for the two-stage estimates
at these parameter values.

When the underlying model is incorrect, the statistics
have no power to detect the very minor model misspecifica-
tion used when sample size is 50 and 100. Notice, however,
that the statistics are quite powerful when sample size is
1,000; empirical rejection rates are 50% at the nominal rate
5%. We also see in this table that rejection rates for Mn and
X2 are again virtually undistinguishable. It does not matter
which of these two statistics is used in terms of power.

Discussion

The purpose of this research was to investigate which statis-
tic should be used to assess categorized bivariate normality
when – as is most often the case – polychoric correlations
are estimated in two stages. Three statistics were considered,
the likelihood ratio test G2, Pearson’s X2, and a new statistic,

Table 2. Joint parameter estimates, estimated standard errors, and goodness of fit tests for Agresti’s soft drink data

1 2 3 4

Thresholds
Var. 2 �0.915 (0.187) �0.063 (0.161) 0.445 (0.166) 1.202 (0.211)
Var. 1 �0.797 (0.180) 0.061 (0.161) 0.539 (0.161) 1.511 (0.249)
Var. 3 �1.201 (0.211) �0.484 (0.167) 0.104 (0.160) 0.849 (0.184)
Var. 1 �0.800 (0.180) 0.064 (0.160) 0.538 (0.160) 1.510 (0.250)
Var. 3 �1.202 (0.211) �0.492 (0.168) 0.103 (0.161) 0.853 (0.184)
Var. 2 �0.914 (0.187) �0.062 (0.161) 0.446 (0.166) 1.202 (0.211)

Vars. Corr. G2 p value X2 p value

Correlations and test statistics
(2,1) 0.103 (0.144) 21.29 0.128 16.476 0.351
(3,1) �0.347 (0.121) 18.48 0.238 14.371 0.498
(3,2) 0.005 (0.152) 18.57 0.234 15.915 0.388

Note. N = 61; standard errors in parentheses; 15 df.

Table 3. Simulation results: Mean, variance of the statistics, and rejection rates when the null model is correctly specified
(underlying bivariate normal distribution) and when it is mispecified (underlying bivariate t distribution with
5 df)

Bivariate normal distribution Bivariate t distribution with 5 df

N Stat. Mean Var. 1% 5% 10% 20% Mean Var. 1% 5% 10% 20%

50 G2 17.67 28.92 1.8 9.3 18.2 35.9 18.37 32.03 3.4 11.3 21.4 39.5
X2 15.45 26.86 1.1 4.2 9.4 20.6 15.80 27.71 1.5 5.8 10.3 22.4
Mn 15.42 26.75 1.1 4.0 9.2 20.5 15.73 27.65 1.5 5.8 10.0 21.8

100 G2 16.94 32.16 1.9 8.8 16.1 29.2 17.74 34.47 2.5 11.7 19.9 35.2
X2 15.13 26.39 0.5 4.0 9.0 18.9 15.98 29.29 1.5 6.2 11.1 25.0
Mn 15.10 26.29 0.5 3.9 8.7 18.9 15.96 29.19 1.4 6.2 11.0 24.7

1,000 G2 15.04 30.71 0.8 5.8 10.9 20.8 25.75 70.71 25.8 50.4 63.6 76.3
X2 14.92 29.99 0.8 5.7 10.6 19.5 25.94 73.11 25.7 50.7 63.7 76.5
Mn 14.89 29.89 0.8 5.6 10.5 19.3 25.92 73.00 25.7 50.5 63.7 76.5

Note. 1,000 replications per condition; 15 df; s1 = (�1,�0.5,0.5,1)0, s2 = (�1,�0.5,0.5,1)0, q = 0.3.
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Mn due to Maydeu-Olivares and Joe (2005, 2006). Mn is in
principle better suited to the task as G2 and X2 are not
asymptotically chi-square when polychoric correlations are
estimated in two stages because the estimator is not asymp-
totically efficient, but Mn is asymptotically chi-square even
when estimators are not asymptotically efficient. Yet, our
– admittedly limited – results suggest that in many instances
all three statistics investigated provide good results in this
setting. Of the three statistics considered, G2 yields a poorer
performance in small samples, but the behavior of X2 and
Mn is – for practical purposes – indistinguishable. G2 yields
inflated p values when the contingency table is sparse. This
result is well known in the literature (e.g., Koehler & Larntz,
1980) and we have shown here that it may also occur when
assessing bivariate normality. The behavior of X2 should not
be affected by sparseness as only bivariate tables are consid-
ered here, but it may be affected by the lack of statistical
efficiency of the estimator.Mn corrects X

2 for the lack of sta-
tistical efficiency of the estimator. The lower the efficiency
of the estimator, the larger the discrepancy between Mn

and X2. If the estimator is not highly efficient, using X2 in
place of Mn may yield a false impression of poor fit. Previ-
ous research (e.g., Jöreskog, 2002; Olsson, 1979) suggests
that the two-stage polychoric estimator is highly efficient.
Here, using a numerical example and a small simulation
we have shown that the lack of statistical efficiency does
not in fact affect the behavior of X2. Indeed, for parameter
values where the two-stage estimator is highly efficient
(and hence the two-stage estimates are very close to the
one-stage estimates) the estimated X2 and Mn statistics will
be very close. In this case, the empirical type I errors of the
statistics under the null hypothesis, as well as their power
under violations of bivariate normality, will be very close.

To summarize, our results suggest that X2 (but not G2)
may be safely used to assess bivariate normality when poly-
choric correlations have been estimated in two stages. Yet, it
may be inappropriate to present results from a few points in
the parameter space and to attempt draw generalizable con-
clusions from them. Indeed, there may be some points in the
parameter space where the two-stage estimator is less effi-
cient than in the cases considered here. Because the expres-
sions involved in computing Mn are actually a side product
of the computations needed to obtain the two-stage estimates
and their asymptotic covariance matrix (see Jöreskog, 1994),
it may be worthwhile to use the asymptotically correct Mn

instead of X2 to routinely assess bivariate normality when
two-stage polychorics are used.
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